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INTRODUCTION 
It is known that a unique factorization domain which is a Cohen- 
Macaulay factor ring of a regular local ring is Gorenstein ((221, see, 
however, [23]). In this paper we show that conversely any Gorenstein ring R 
which is a factor ring of a regular local ring and a complete intersection 
locally in codimension one can be realized as a specialization of a unique 
factorization domain S which is Cohen-Macaulay and an epimorphic image 
of a regular local ring (Proposition 1). S is obtained as a local blowing-up 
ring of a generic link of R (for the definitions we refer to the first section of 
this paper). 
As a first application we prove that for certain singularities the highest 
exterior power and any symmetric power of the module of differentials are 
never Cohen-Macaulay (Corollary 1). In a second corollary we construct 
examples of “bad” unique factorization domains S such that each S is a 
local Cohen-Macaulay ring and the singular locus of S has “big” 
codimension but nevertheless the completion of S is no longer factorial. This 
contrasts with a result of H. Flenner [7, 1.51 saying essentially that for 
quasihomogeneous singularities which fulfill Serre’s conditions (S,) and (R2) 
factoriality is preserved under completion. 
Now let R be the reduced local ring of a quasihomogeneous Gorenstein 
singularity over a perfect field such that R is a complete intersection locally 
in codimension two and the degrees of the homogeneous free resolution of R 
are “big enough.” By S we denote the singularity constructed in 
Proposition 1. In this situation we can use Flenner’s result to conclude that 
also the completion S of S is factorial and hence Z? admits a formal defor- 
mation to the complete unique factorization domain S. This implies that 
rigid Gorenstein singularities satisfying the above assumptions are factorial 
(Proposition 2). 
129 
0021-8693/84 $3.00 
Copyright 0 1984 by Academic Press, Inc. 
All rights of reproduction in any form reserved. 
130 BERND ULRICH 
In [ZO] A. R. Kustin and M. Miller suggest questions similar to those we 
consider in this paper by asking if unobstructed deformation always 
improves the divisor class group and if rigid Gorenstein rings in the linkage 
class of a complete intersection are factorial. 
1. GENERALITIES 
Let M be a finitely generated module over a ring R and let Q(R) be the 
total ring of quotients of R. If M @JR Q(R) is a free Q(R) module of rank s 
we say that the R module M has a rank and we set rank,(M) = s. We denote 
by v(M) the minimal number of generators and by Z(M) the length of M. For 
the nth symmetric power of M we will write Sym,(M). The Gorenstein type 
of a local Cohen-Macaulay ring R is denoted by r(R), and if the canonical 
module of R exists we call it K,. We say an ideal Z in a local Cohen- 
Macaulay ring R is a complete intersection ideal if Z is generated by an R 
regular sequence (i.e., u(l) = grade(l)) and I is an almost complete inter- 
section ideal if v(l) < grade(l) + 1. 
We now list some properties of linkage, which is a basic tool in this paper. 
For proofs we refer to the paper of C. Peskine and L. Szpiro [24]. 
DEFINITION. Let I and J be two ideals in a local Cohen-Macaulay ring 
P. I and J (P/I and P/J, respectively) are said to be (algebraically) linked if 
there exists a P regular sequence a, ,..., ag in I n J such that J = (a, ,..., a,): I 
and I = (a, ,..., a,): J. 
PROPOSITION I. Let I be an unmixed ideal of grade g in a local Cohen- 
Macaulay ring P. Consider a P regular sequence a, ,..., a, contained in I and 
the ideal J = (a, ,..., a,): I. 
(a> If 1, = (aI ,..., a,), for all q E Ass(P/I), or if P is Gorenstein and 
P/I is Cohen-Macaulay, then Z = (a, ,..., a,}: J (i.e., I and J are linked). 
(b) rf P is Gorenstein, then P/J is Cohen-Macaulay if and only if P/I 
is Cohen-Macaulay. 
(c) If P is Gorenstein and PfI is Cohen-Macaulay, then KpiJ z 
I/(a, ,..., a9) and K,,, = J/(al ,..., a,). 
Part (c) of Proposition I implies that r(P/I) = v(J/(a, ,..., a,)) and hence 
the linked ideal J has to be an almost complete intersection ideal if P/I is 
Gorenstein. 
Suppose that in addition to the assumptions of Proposition I(c) the 
projective dimension of Z over P is finite. Then there is a more explicit 
description of the linked ideal J due to D. Ferrand which can be found in 
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[24]: Let F. be a minimal free P resolution of Z and let K. be the Koszul 
complex of a, ,..., ag with values in P. We consider a homomorphism of 
complexes u = (Us,..., uO): K. -+ F. lifting the embedding (a, ,..., a& 4 Z, and 
its P dual u*: F.* + K.*. Then the mapping cone C(U*) is a free P resolution 
of P/J. 
It is known that F, r P’, where r = r(P/Z). Let (h, ,..., h,) be the matrix of 
the homomorphism ug: K, z P -+ P’ r Fg. Then the above description implies 
that J is generated by { a1 ,..., axg, h, ,..., h,}. 
Let P be a local Cohen-Macaulay ring and let Z be an unmixed ideal of 
grade g in P such that Z, is a complete intersection ideal in P, for all 
q E Ass(P/Z). We fix a system of generators {f,,...,f,} of Z, and for a set of 
indeterminates Y = { Yii 1 1 < i < g, 1 <j < E } we consider the ring Q = 
PlYI (,,+, ,,). Then {ai 1 ai = C&i Y,J;., 1 < i < g} is a regular sequence in Q 
[ 14, Proposition 211 and because of Proposition I(a) the ideal J= 
(a I ,*-*, a,): QZ is linked to QZ. In an unpublished manuscript C. Huneke calls 
J a generic link of Z and shows the following: 
PROPOSITION II. Zf in addition to the above assumptions P is a domain 
then a generic link J of Z is a prime ideal. 
PROPOSITION III. Zf in addition to the above assumptions P is 
Gorenstein, s is a nonnegative integer with s ,< 3, and Z4 is a complete inter- 
section ideal in P, for all 
qE {pIpESpecP,Zcp,dim(P/Z),~s}, 
then it holds that Jp is a complete intersection ideal in Q, for all q E { p 1 p E 
Spec Q, J cp, dim(Q/J), < s}. 
We now recall some basic definitions and known facts concerning defor- 
mation theory (see, e.g., [ 10, 21, 26, 291). 
DEFINITION. Let R and S be Noetherian local rings. R is called a 
specialization of S (with respect o a) if there exists an S regular sequence a
such that R z S/(a). 
DEFINITION. (a) Let k be a field and let A, R, and S be local k algebras 
such that A has residue class field k. A deformation of R over k to A is a flat 
homomorphism of k-algebras q: A -+ S such that there exists an isomorphism 
of k-algebras rp: S @A k 5 R. A deformation is called infinitesimal if A is 
Artinian and it is called formal if A is a formal power series ring over k and 
R and S are epimorphic images of power series rings over k. 
(b) An infinitesimal (respectively formal) deformation is called trivial 
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if there exists an isomorphism of A algebras @: S r R Ok A (respectively 
@:SrRG),A)suchthat@@,id,=rp. 
Because of the local criteria of flatness, to say that q: A = k[Zj --f S with 
q(Z) = a is a forma1 deformation of R over k is the same as saying that R is 
a specialization of S with respect o a. 
DEFINITION. A local k algebra R is called rigid over k if each 
infinitesimal deformation of R over k is trivial. 
BY k(@, ,.a., X,>> we denote the ring of convergent power series over a field 
k with a valuation. Let P be one of the rings k[X ,,..., Xl]{X, ,..,, X,j, 
k((X, ,..., X,)), or kUX, ,..., X,1, and let R be an epimorphic image of P. For 
the universal, respectively, universally finite, module of differentials of R 
over k we write B,(R). 
PROPOSITION IV. (a) If under the above assumptions R is rigid over k 
then R is rigid over k and each formal deformation of R over k is trivial. 
(b) If k is perfect and R is reduced, the following statements are 
equivalent: 
(i) R is rigid over k, 
(ii) Ext#,(R), R) = 0. 
2. THE MAIN RESULT 
PROPOSITION 1. Let P be a regular local ring, I an ideal in P, and 
R = P/I. We assume that R is Gorenstein and that I, is a complete inter- 
section ideal in P, for all prime ideals q of P containing I with dim R, < 1. 
Then there exists a unique factorization domain S which is a Cohen- 
Macaulay factor ring of a regular local ring such that R is a specialization 
OfS. 
Proof. We assume that I is an idea1 of grade g with a system of 
generators { fi ,...,f,} and define the ring Q = P[ Y](mp,Y), the Q regular 
sequence a, ,..., ag, and the generic link J = (a1 ,..., a,): QI as in Propositions 
II and III. Then J is prime (Proposition II), J, is a complete intersection 
idea1 for all prime ideals q of Q containing J such that dim(Q/J), < 1 
(Proposition III), and J admits a generating set of the form {a, ,..., ag, h } 
(Proposition I(c)). 
Under these conditions the associated graded ring gr,(Q) is a domain [ 16, 
Theorem 3.11, the Rees algebra 9(J) = Q[Jt] is Cohen-Macaulay ([5,4.12]; 
see also [ 16, Theorem 2.31, and [ 12, Theorem 2.6]), and the natural 
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epimorphism from the symmetric algebra Sym(J) to the Rees algebra L?(J) 
is an isomorphism [17, Theorem 3.1; 32, Proposition 3.51. 
In the following we borrow arguments from the proof of Theorem 2.3 in 
[18] by considering the blowing-up ring V= Q[a,/h,..., a$h]. V is a 
dehomogenization of &F(J) and because of s(J) E Sym(J) it follows that 
VE Q[.Z,,..., Z,] r+ i rizi rEQ,r+Q,rh+k riai=o . 
i=l i=I 
so m = (nzQ, z, )...) z,) is a maximal ideal of V and we set S = V,. 
The above description shows that S/(z, ,..., z,) 2 Q/{r 1 rh E (a, ,..., a,)} = 
Q/t+, ~.~-~ a,>: 4 = Q/Q1 ( see Proposition I(a)). So for {a} = (zi ,..., zg, Y) 
we get S/(a) z R. 
S is Cohen-Macaulay, because L@(J) is Cohen-Macaulay and S is the 
localization of a dehomogenization of s(J). Moreover codim(a) f dim R = 
dim S = dim Q = g + gs t dim R and therefore a is an S-regular sequence. 
It remains to show that S is factorial. As in [ 18, proof of Theorem 2.31, 
we use [ 15, Theorem I] to conclude that &F(J)[t- ‘1 is factorial because 
gr,(Q) is a domain. Then also 
u= z%‘(J)[t-‘][(hl)-‘1 = Q[Jf, VW’1 
is factorial. U has a Z grading such that U,, = V. Because U contains units of 
degree one, U,, is also factorial. Hence S is factorial. 1 
Remark. With the same arguments as in [ 18, proof of Theorem 2.31, one 
could show that S is linked to Q/J[Z, ,..., Zg]tmQ,Z, ,,.., z,), i.e., that S is 
doubly linked toRIY,Z,,...,Zg](m,,Y,Z ,,..., z,l. 
3. APPLICATIONS 
The following Corollary applies Proposition I to the highest exterior 
power, respectively, the symmetric powers, of the module of differentials. 
Under the given assumptions the statement can be regarded as a 
generalization of a conjecture of R. Berger claiming that the module of 
differentials of a reduced curve singularity over a perfect field has nontrivial 
torsion 131. Part (a) of Corollary 1 could also be proved by using the 
fundamental class, a natural homomorphism mapping the highest exterior 
power of the module of differentials into the canonical module. At least for 
Gorenstein rings part (b) of Corollary 1 contains as a special case the known 
fact that Berger’s conjecture holds for smoothable curve singularities [2, 2.4; 
19; 31, Corollary 1; 13, Corollary 3.61. 
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COROLLARY 1. Let k be a perfect field and let P be one of the rings 
k[X, ,..., Xrjtx ,,..., x1), k((X, ,..., X,)), or k(lX, ,..., X,1. Let I be an ideal in P 
such that R = P/I .is a reduced Gorenstein algebra of dimension d. We 
assume that R- is the specialization of a complete local Noetherian k algebra 
T such that T4 is a complete intersection for all prime ideals q of T with 
dim T,< 1. 
(a) With the above assumptions the following statements are 
equivalent: 
(i) Ad G,(R) is Cohen-Macaulay, 
(ii) R is regular. 
(b) If in addition to the above assumptions d = 1 the following 
statements are equivalent: 
(i) there exists a positive number n such that Sym,(G,(R)) is 
torsion-free, 
(ii) R is regular. 
Proof: We show simultaneously that the conditions under (a)(i) and 
(b)(i) imply regularity of R. We may assume that R is complete. 
According to Proposition 1 applied to T there exists a unique factorization 
domain S which is a local Cohen-Macaulay k algebra and a regular 
sequence b in S such that R z S/(b). 
We consider the subring W= k[b] of S and set M,(S) = Ad Q,(S), 
M2(S) = Sym,(Q,(S)), M,(R) = Ad Q,(R), and M,(R) = Sym,(QdR)). Let 
iE {1,2}. 
Obviously M,(S) OS R EG M,(R). Under the assumptions of the Corollary 
rank, Q,(R) = d [28,6.4] and therefore rank, M,(R) = 1. Let F, denote the 
first Fitting ideal. Then F,(M,(R)) contains a nonzero divisor and, because 
F,(M,(R)) is the image of F,(Mi(S)) under the projection IZ: S--t R, 
F,(Mi(S)) cannot be the zero ideal, which means rank,(M&S)) < 1. On the 
other hand if b = b,,..., b, then [28,5. l] implies that 
s + d = dim S < rank, Q,(S) < s + rank n,(S), 
and therefore rank,(M,(S)) is greater or equal to one. Hence 
rank,@,(S)) = 1. 
Let c be a system of parameters for R. J. Herzog showed in 19, 
Proposition 1 ] that a finitely generated module M with a nonzero rank over 
a reduced local Cohen-Macaulay ring is Cohen-Macaulay if and only if 
MM OR R/(c)) = rank,(M) , l,(R/(c)). So assuming that M,(R) is Cohen- 
Macaulay we conclude that 
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MM,(S) OS S/O’, c)) = MM,(R) otz R/(c)) 
= rank,(Mi(R)) * l~(R/(c)) 
= rank&fi(S)) * ~AS/(b, c))
which implies that M,(S) is Cohen-Macaulay. 
Therefore M,(S) is isomorphic to an ideal in S which is Cohen-Macaulay 
as a module over the normal Cohen-Macaulay domain S and hence 
divisorial by [ 11, 4.131. But S is factorial and therefore M,(S) z S, hence 
M,(R) z R. The equations 
1 = “(MI(R))= (“(@d(R))) 
and 
1 = v(M,(R)) = v@,(R)) + n - 1 
n 
now imply v@,(R)) = d, which means R,(R) z Rd. 1 
H. Flenner shows in [7, 1.51 that for a nonnegatively graded excellent 
domain R = @;“=, R, which is a finitely generated R, algebra_fulfilling Serre’s 
conditions (R,) and (S,), the divisor class groups of R and R are isomorphic 
(here l? denotes the completion of R with respect to R + = @;“=, R,). In 
particular 2 is factorial if R is so. As a second application of Proposition 1 
we construct for any integer s > 2 a local Cohen-Macaulay domain S which 
fulfills (R,) such that S is factorial but .!? is not factorial. So in contrast to 
Flenner’s result for rings which are not positively graded factoriality is not 
preserved under completion even if the codimension of the singular locus is 
arbitrarily high. 
COROLLARY 2. Let n > 3 be an integer, let k be an algebraically closed 
field of characteristic p > 0, and G # (id} a finite cyclic subgroup of SL(n, k) 
with order N acting linearly on k” and freely outside the origin. We suppose 
that p does not divide N. Then the ring of invariants R = 
OW, T.--T &Ax ,,..., x,) )” fu~lls the assumptions oj’ Proposition 1. We denote 
by S the local blowing-up ring of a generic link of R which was constructed 
there. S has the following properties: 
S is the localization of an aflne R graded k algebra, S is Cohen- 
Macaulay, (R II _ ,), and factorial, but S is not factorial. 
Proof: The conditions p$N and G E SL(n, k) imply that R is Gorenstein 
[33, Theorem 41. Because G. acts freely on k”\{O], R fulfills (Rn-1) [4, 
Section 2, Proposition 41. So R satisfies the assumptions of Proposition 1 
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and therefore S is Cohen-Macaulay and factorial. Because R fulfills (R,) it 
is rigid over k [2S, 2.61 and hence S zZ?[IW,,..., W,l for indeterminates 
W 1 I-.*, W, (Proposition IV(a)). Therefore S is also (R,-,) and, as there 
exists a faithfully flat homomorphism from R to S, factoriality of S would 
imply that R is factorial [ 8,6.11]. 
But on the other hand for the divisor class group of the invariant ring R, it 
holds by [30, Theorem 21 that Cl(R)? Hom(G/H, k*), where H is the 
subgroup of G generated by all its pseudo-reflections (for the definition we 
refer to [30]). Because G is a finite subgroup of SL(n, k) and p.jN we 
conclude that H = {id} and because G is cyclic it follows that ICI(R)] = N. 
So R cannot be factorial. 
It remains to show that S is the localization of a L graded affine k 
algebra. R = (k[X, ,..., X,,])” is quasihomogeneous, i.e., it has a grading of 
the form Z? = O,“=,R, with R0 = k. Let us consider a quasihomogeneous 
representation R = k[ V, ,..., V,]/t where fis an ideal of grade g generated by 
quasihomogeneous polynomials f ,,..., f,. We set 
l<i<&l<j<&E)l, 
Q = k[ lfL ,..., V,, { Yij ( 
ai = C;= i Yijfj, and I= (a, ,..., a,): QZ. Assigning 
suitable positive degrees to Y, the polynomials ai will be quasihomogeneous 
and therefore J” will also be a homogeneous ideal. Because 
@ha l)--*) a& I,..., V,,(Yij,) is cyclic (Proposition I(c)) we may assume that J” 
has a system of quasihomogeneous generators {a, ,..., a,, h}. Therefore 
8[a,lh,..., a$h] is a Z graded affine k algebra and S is a localization 
thereof. 1 
EXAMPLE. Let n > 3 be an integer, let E be the n by n identity matrix 
over 6, [ = ezniin and G the multiplicative group generated by &. Then the 
obvious action of G on C” fulfills the conditions of Corollary 2 and its 
invariant ring is the Veronese singularity C[M@Z)]~~(,,)), where M(n) denotes 
the set of all monomials of degree n in n indeterminates. 
4. RIGID SINGULARITIES 
The rings of invariants R we considered in Corollary 2 turned out to be 
isolated rigid Gorenstein singularities but not factorial. Proposition 2 
contains a positive result in a similar direction saying that, under certain 
conditions concerning grading, rigid Gorenstein singularities are indeed 
factorial. The additional assumptions are necessary to apply Flenner’s result 
[7, 1.51 and thus to ensure that the completion S of the ring S constructed in 
Proposition 1 is still factorial. Then one can use rigidity of R to obtain a 
faithfully flat homomorphism from R to S and to conclude that R is fac- 
torial. 
The following Lemma is presumably known. 
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LEMMA. Let k be a perfect field and let P be one of the rings 
k[X, ,..., X,1, k((X, ,..., X,)), or kUX, ,..., X,1, I an ideal in P, q a prime ideal of 
P containing I, and R = (P/I),. We suppose that R is reduced. Then the 
following statements are equivalent: 
(i) R is regular, 
(ii) R is a complete intersection and rigid over k. 
Proof We suppose that R is a complete intersection but not regular. 
Then the projective dimension of R,(R) equals one and hence Q,(R) has a 
minimal free resolution of the form 
O-F,+Fo-Qk(R)-0. 
R is rigid; therefore ExtL(.Q,(R), R) = 0 (Proposition IV(b)) and dualizing 
the above sequence with respect o R yields an exact sequence 
O-+(R)*-F,*AF:-0. 
All entries of the matrix of v, and hence of er* lie in the maximal ideal mR 
and therefore FF = m,F,X, which is impossible. 1 
Let k be a field, let P be one of the rings k[X, ,..., X,1,*, ,..., *,), 
k((X,,..., X,)), or k[X,,..., X,1, I an ideal in P, and R = P/I. Under these 
conditions one says that R is quasihomogeneous if there exists a polynomial 
ring F over k and an ideal ? in p such that R” = pdfis nonnegatively graded 
(R’= @;“=, 8,) with (R”),, = k and such that R cz R. Then R as a graded p 
module has a homogeneous minimal free resolution F. . Here the Fi have 
base elements of positive degrees nii (i.e., Fi z ejF(-nij)) such that the 
homomorphisms in the resolution are homogeneous of degree zero. If R is 
Gorenstein and I has grade g then F, z p(-n,) because the Betti numbers 
are not changed by localization with respect o the irrelevant maximal ideal. 
PROPOSITION 2. Let k be a perfect j?eld, P as above, I an ideal in P of 
grade g and R = P/I. We suppose that 
(i) R is reduced, 
(ii) R is Gorenstein, 
(iii) R, is a complete intersection for all prime ideals q such that 
dim R, < 2, 
(iv) R is quasihomogeneous, where I is generated by the 
quasihomogeneous polynomials { f, ,..., f,} in p, 
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(v> n,> (g- l)Max{degfjl lSjS&), 
(vi) R is rigid over k. 
Under the above assumptions d is a unique factorization domain. 
Proof. It is enough to consider the case that R is a localization of p/f 
with respect o the irrelevant maximal ideal. 
We may assume that deg f, < deg f, if v < ,u. Then let s be the smallest 
number between 1 and E such that deg f, = deg f, for all v > s and set 
6=degf,. For a collection of indeterminates Y = { Yij! 1 ,< i <g, 
l<j<s; I} weconsiderK=k({Yij( l<i<g,s<j<e}), o=P[Y]@,K, 
and the Q regular sequence {ai 1 ai = C:=, Y,fi, 1 < i <g}. For 1 <j < s - 1 
we set deg Yii = 6 - deg fj > 0, and thus the elements ai are homogeneous of 
degree 6. 
The Koszul complex K. = K(a, ,..., ag ; Q) = r\(Qe, 0 a.. @ Qe,) becomes 
a homogeneous complex by setting deg e, = 6. We consider the 
homomorphism of homogeneous complexes u = (Us,..., u,,): K. -+ F. @p 0. As 
u, is a homogeneous degree zero homomorphism from K, z &(-gd) to 
(F. 63~ o), 2 0(-n,) ‘t I s matrix consists of a homogeneous element h of 
degree g6 - ng. Because of deg h = g6 - n, < 6 = deg ai for 1 < i < g the 
ring s” = o[a,/h,..., a$h] is quasihomogeneous and we call its irrelevant 
maximal ideal m. As the linked ideal J”= (a, ,..., a,}: Qf is generated by 
{a 1 ,***, ag, h}, the algebra S,,, is a localization of the ring S constructed in 
Proposition 1. 
Hence S,,, is Cohen-Macaulay and specializes to R’ = (R Ok K)c,R,. R’ is 
rigid over K and therefore St z $[W,,..., IV,.] for indeterminates 
w w,. I,..., 
Because of the Lemma, R fulfills (R,) and so do R ‘, g$, and Sm. The 
Jacobian ideal of S over k which describes the singular locus of S is 
homogeneous and therefore S also satisfies (RL). 
According to Proposition 1, S and hence S, are Cohen-Macaulay and 
factorial and the same holds for S [27, Proposition 61. 
In this situation one can apply Flenner’s result [7, 1.51 to conclude that 
S? is also factorial. The faithfully flat homomorphism R’ -+ 
RAIBW,,..., W,! z ?m now yields that 8 is factorial. ti 
EXAMPLE. Let k be a field, n a positive integer. Let P denote the power 
series ring k[{Xij ] 1 < i <j < 2n + 1 }I, A = (a,) the alternating matrix with 
aij = X, for 1 < i < j < 2n + 1, (-l)jjj the PfafIian of A obtained by deleting 
the jth row and column of A, and set (f) = (fi ,..., fza+ ,). Then (f} is an ideal 
of grade 3 in P generated by forms of degree n, and R = P/(f) is Gorenstein, 
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satisfies (Ra), and has a homogeneous resolution of the following form (6, 
Proposition 6.11: 
O+P(-2n- l)=+J(-n- 1))2”+1J+(P(-n))*n+‘AP+o. 
The singularities described above are exactly the generic Gorenstein k 
algebras of codimension 3 [ 10, 3.3; 6, Theorem 2.11. In particular they are 
rigid over k and hence satisfy the assumptions of Proposition 2. Thus we get 
a new proof of the known fact that these algebras are factorial (see [ 11). 
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